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roduction

Richardson's method is used to solve iteratively matrix equations

the type
Iu=17¢,

re L is a symmetric matrix with positive eigenvalues. In applications
this method one needs the values of the lowest eigeﬁvalue A1 of L and

spectral norm o(L) of L. For ill-conditioned matrices L, i.e.
) >> 11, the rate of convergence is very slow énd an acceleratihg
cess is highly desirable. In reference (3] Frank described two
elerations of Richardson's method. .However, when tried on a computer
method turned out to be unsatisfactory. |

In this paper a different accelerating procedure is proposed which
used successfully on a computer. One advantage over Richardson's
hod is the fact that no apriori knowledge of the first eigenva.lueik1
needed. This eigenvalue is estimated during the first phase of the
hod. Further, one or more negative eigenvalues A of L are also ad-
ted. .
a consequence the method can also be used to estimate the smallest
envalues of symmetric matrices L.
the last section the process is adapted to find upper and lower
nds for the estimated eigenvalues.

This paper contains theoretical results only. There will appear
econd paper in the near future dealing with applications of this
hod to elliptic boundary value problems wherein numerical results

' given.




finition of iterative processes

In this section we give definitions concerning iterative methods"

olving the matrix equation
Iu=r1,

L is a symmetric matrix, u the unknown vector and f a known
r. For a detailed discussion of these definitions we refer to the
ature E;I (see also the appendix to this paper).

.1) we associate the following iterative process
Weyq = (ock - ka)uk + (1 - ak)uk_1 twf, k=1,2, ...,

the vectors Uy and u, are the beginapproximations of the process.
the sequence Wes Uy qs eee converges,'the limitvector will be the
ion of (1.1).

terative scheme (1.2) is called of first degree (or order) if

1 for all k, and of second degree if ak # 1. We shall consider

y non-stationary or semi-iterative processes i.e. the parameters

1 w, depend on k. It is convenient to write

uk=u+vk,

v, can be considered as the error of the approximation . Then
;isfies the homogeneous recurrence relation

Vi1 = (ak - ka)vk + (1 - ak)vk_1.

suppose that v, is obtained from vy as v, = (1 - wol)vy, i.e.
»lying to Vv, en operator which is linear in L then Vi is obtained
’ by applying a pblynomial-operator of degree k in L. Thus we

rite
w =u+ Pk(L)vo.

inection with this expression one defines the average rate of

gence for K iterations of the iteration process (1.5) as the

Ty Eﬂ |




1ln o(PK(L))'

.6) R(K) g -

are c(PK(L)) is the spectral norm of the matrix PK(L).
the following sections we construct polynomials PK(L) with small
sctral norms, which can be used to obtain fast converging iterativ

hiemes.

Richardson's method

We shall briefly describe Richardson's method for positive
finite matrices L. For a more detailed discussion we refer again
the literature Eﬂ.

When in the polynomial operator PK(L) the operator L is replace
the real variable A, we obtain a real polynomial PK(A) with the
operty PK(O) = 1. The eigenvalues of PK(L) are given by PK(Ai),
=1, 2, «o., M, where Ay is an eigenvalue of L. In figure 1 the
ts on the curve PK(A) correspond to the eigenvalues PK(Ai). In thi
ction we assume that 0 < A17§_A2 S e f-AM = g(L).

fig. 1




If we know the eigenvalues Ai’ we may take the zeros of PK(A)'to
coincide with the values A = Ai’ resulting in a zero spectral norm

for PK(L). In actual application, however, there exists a large number
of eigenvalues Ai’ thus we must perform many iterations. Moreover in
most cases we only have a rough estimate for the first eigenvalue A1
and the last eigenvalue AM = o(L).

Another method to keep G(PK(L)) small is to minimize the polynomial
PK(A) over the continuous interval [}1, o(L)]. For this we only need
to know the first and last eigenvalue of L.

Richardson (1910) [5] chose the zeros of P (1) to coincide with

o(L) - A,

)\=}\1+i—-—1-{—+—-1—— s 1=1,2, ..., K,

but there is a better operator PK(L), based on the following theorem
of W. Markoff (cited in [2]).

Theorem I. The polynomial

b + a - 2\
(===

T
_ K b - a

Cilasps0) = = (Pre,
K" "Db-a

cos(K arccos y) ° for |y|
where TK(y) = cos(K arccos y) =

cosh(K arccosh y) for |y|

has, of all the polynomials PK(A) of degree K in X satisfying

PK(O) = 1, a minimal maximum-norm over the interval a <Azsb

The function TK(y) is the Chebyshef-polynomial of degree K.

One defines the Richardson method with respect to the operator L by the

formulae

(2.1) PK(L) =C.J(a,b,L) , a=1i, , b=o(L).

CK 1
For applications we must know the expressions for the parameters oy and

Ay o First we consider the linear Richardson method i.e. o, = 1. The

v k
zeros of PK(A) are given by

)




02) >\=1/wk’ k=0, 1, LI Y K-1,

i CK(a,b,A) assumes a zero value for the points

21+1

(a + D) + %-(a - b) cos S5 ™ 1=041,00

[\ gy

.3) A=

nce the parameters w, (the so-called relaxation parameters)

the following values

-1 N
) 0% (a + D) + %-(a - b) cos (2221 7)) 5 1=0,1,

ere a = A1, b = o(L) and k is not necessarily equal to 1.

xt we consider the non-linear process with 8y #:1.

e polynomials Pk(k) must satisfy the relation

.5) Pk+1(x) = (ak - ka)Pk(A) + (1 - ak)Pk_1(A),
tained from (1.4) by constituting v, = Pk(L)v0 and replacing
. the other hand we derive from the well-known recurrence rel

%) T ) =2y Bly) -2, (y) , k2T,

\e following formula for Ck(a,b,k)

T (ya)
. LA kYo
1.7) C, .. (a,b,A) = (2y, = )
) Cr 0" b -a Tk+1(y0

) Ck(a,b,x)

- ¢ (a,b,1),
Ty Vo) k-1 ,
rere y, = (b + a)/(b - a) end k > 1.
* we define for k > 1
T Vo) y . Tk

a, =2y y W, = — s
k oT (¥, k b-al . (yy)

se reletions (2.5) and (2.7) are exactly the same. Therefore

=1, P - .
PoA) =1, Py(A) =1 =




btain polynomials Pk(A), which are identical to the polynomials

,b,A) for every k. Putting a = A1 and b = o(L) we get Richardson's

od of the second degree.

linear form of Richardson's method was first used by Young (1953)
It has the advantage in being simple and it requires less storage
e than the second degree iteration scheme. The numerical stability,

ver, depends strongly on the distribution of the relaxation para-

rs w ., particularly when K is large. Young avoids this problem by
< K-1

_ it Tk=0

a stable order of k, but this reduces the average rate of conver-

ating the iteration process with relaxation parameters {w

e (section 3).

forthcoming éaper we shall discuss the dependencevof the stability
he distribution of the relaxation parameters. |
non-linear case was de?eloped by Varga (1957) [il and tested by
k (1960) Eﬂ. This procedure is obviously stable if Ai > 0 for
i. Further one needs no apriori knowledge of K as was required in

first order process.

he rate of convergence

According to the definition of the operator CK(a,b,L) we- have

b+a)

) o(C. (a,b,L)) iT1-<1 (5= a

K

large K we find (approximately)

bta, _ bta,y = 1 . brayy

) TK (b-a) = cosh (K arcosh (S:E)) =3 exp(K arcosh (3:;)),

-1 ,b+a

In(T, (7))
K b-a - b+a, ln 2
2 - = — )

) R(K) 2 % arcosh (b-a) ko
ing & = A, and b = o(L) we obtain a lower bound for the average

1
- of convergence for K iterations of Richardson's method.

onsider the behaviour of R(=) as a function of Yo = (b+a)/(b-a).




R(=)
T e e e e e e e e - - -
62 o e e == n
nhs - — —
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YV = = e e e ———
v
o

o

fig. 2

1 figure 2 we see that the asymptotic rate of convergence has the
test increase in the neighbourhood of Yo = 1. .

. << b the term 1ln 2/K decreases the rate of convergence considerably
lctual computation. Hence K must be as large as possible. This is the
jon that repeating the iteration process with a lower K is very dis-.
mtageous for the average rate of convergence. For eiample, repeating
lardson's process over K/3 iterations three times yields an.average

+ of convergence for K iterations which is given by

2) - 3

R(K) > arccosh ( = A

b + ln 2
b - K *

'he elimination method

In this section we propose a variation of Richardson's method,
'h has a considerably larger asymptotic rate of convergence and
'h is applicable not only to positive matrix equations but also to

itions where L may have negative eigenvalues as well.




P (a,b,A)
K/k’ H

) a : o(L)=b

fig. 3

The essence of the method is the reduction of the late eigen=-
ions of L corresponding to eigenvaiues A inside the interval

, Where a > A1.and a > 0, followed by the elimination of the
ning eigenfunctions of L. This may be achieved by means of an
tor CK(a,b,L) and an elimination operator EK*(L), where the
values Ai outside the interval [;,@] are zeros of EK*(A).

the degree of the operator EK*{L).

(1.6) and (3.2) we derive the average rate of convergencé for

method

ko
K arccosh Yo * 1n c(EK*) +1ln 2

-
R(K + K ) = arccosh Yo - — s

K+K

Yo = (b+a)/(b-a).
Richardson's method, we choose b = o(L).
w discuss the value of a for A1 > 0 and A1 << b: The asymptotic

of convergence for k » » of the elimination metho% isA
1

)
b A1

= nA1, then we find for not too large values of n

sh (%;%). For Richardson's method it is arccosh (




=

using instead of & = AT the value a = nXT, we gain a factor Vn

) b+ AL

b +-a a
arccosh (b — a)- 3 2\/b
A

arccosh ( 1
b

1
)
b-A’ 2

he asymptotic rate of convergence. However, the number of eigen-
tions to be eliminated becomes larger for increasing n. In practice
optimal value for n is determined from the distribution of the

r eigenvalues of L, bearing in mind that the gainfactor‘increases

rapidly for small values of n.

Next we consider the elimination of the lower eigenfunctions of L.
ssume that the eigenvalues of the eigenfunctions to be eliminatgd
known (see the following section). Suppose we wish to eliminate‘
eigenfunction e, with eigenvalue Ai' This may be done by means

n operator EK*(Ai,L) of degree K; in L, satisfying the conditions
i

) -EK:(Ai,O) =1 , EK:(Ai,Ai) = 0.

his connection the following is useful.

rem II. The polynomial EK*(Ai,A) defined by
i

. e
EK.;(Ai’A) e CK‘;-"(aisba)\) )

2Ai +b (cos 5%: - 1)
) o = 1
1 cos-—ﬁ; + 1

2K.
1

satisfies the conditions (4.3).

Of all polynomials of degree K; satisfying (4.3), this
polynomial has the smellest maximum-norm over the interval
E’i ,b]_ when
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i i i
(k.5)
(1 = \/1+8/Y)<cos-11—;_<_lyh(1+v1+8/y )s
n 2Ki L 'i
where v = (b - ci)/(b - Ai).
Proof.

It is clear that E *{A.,O) = 1,
1
The second condition of (4.3) follows from the fact that the zeros of

(a »b,1) are given by

1
(4.6) Neg (o a]) -5 (» -'a7)cos (2n+1)'—"::} n=0,7T,.0.
. 2K;

The 'smallest zero is assumed for n = 0. .Substituting (4.4) into (L. 6)

and puttlng n =0 gives A as the first zero of E *(A. JA).
1
To prove the mlnlmax-property we assume the existence of g Polynomial

S *(A) of degree K in A satisfying (4.3) and the inequality
K;

Heg=M11 < [leptaZ,o,m) ],
1 1

where || || means the maximum-norm over the interval [} »b].
Cons1der the polynomial
L
Q(x) = 8.7(1) = C =(a.,b,1).
K. K. "1
i i
Q(A) has positive values for those points of the interval [g ,ﬁ], where

K (al,b A) is minimal and negative values 1n the points where
1

K (a »DsA) is maximal.
i
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fig. 3a ' - fig. 3b

% - . . - - -
If C *(a ,b,A) has n extrema in the interval l_c sb), then Q(A) has
at lea.st (n-1) zeros in the 1nterva.l E: ,b:[ The first extremum is

4

assumed for the point A = al, the second for the 'oomt

(1) Ay =

1 e 1 ¥ m
x -§(b+ai)-—§(P-ai)cos+.

e

K.
1

Suppose ¢, < A ., then CK*(a »b,A) has K extrema in the interval
Eci,b], hence Q(A) has  TK.- -1) zeros in E b_] In addition Q(A) has
two other zeros in the p01nts A=0and A = (see (6.5)), therefore
Q(A) has (K + 1) different zeros. On the other hand Q(X) is at most '
of degree Ki’ implying at most Ki zeros. This contradiction ellmmates
the existence of a polynomial SK'v.-'-(A). Hence the last part of “the
theorem is proved. .

We now prove that c. < A_ . Substituting (L.4) into (4.7) and writing .

cos l; as 2 c052 —= - yields

Ki 2K
2(X, = 'b)cos2 —_+ b cos —lr- +Db
1 £ >
K. . - 2K. .
(4.7") A= 2 - .
ex T
cos —— + 1
2K.
i

Uéing (4.7') the inequality ey < Aex becomes

2 _m LU .
2(b - A;)e0s” —= - (b = ¢;)ecos — = (b - c;) < 0.

2Ki 2Ki

From-this inequality we find the second part of (4.5).

BIsLIOTHEEK MATHEMATISCH  CENTRUM
AMSTERDAM
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We shall now investigate condition (4.5) for large velues of b (in
most applications b is very large with respect to lAil and ci).

If b »>> iAii and b >> ¢; we can approximate

e = A
'Y‘= - ——

1 b

Vis o ca, b8 X
1+8/Yi=_3+-§ 5 .
Substituting this into (4.5) we obtain
c. - A,
(h-S') --l<cos-—1-r-:<1_g. 1 1
2= g~ T3 |
i o ‘
or equivalently
" e 1 3b .
(hus ) 1 iK. i'E‘n '_-‘—c“ ——A—, ®
i 1

In practice we want ‘the minimax-property to be valid over the interval 4
[é,b . The eigenfuncties corresponding to eigenvalues outside the
interval Eé,ﬂj need no reduction, since they may be eliminated success-

ively. We find for K;'the condition

»* 1 \/ 3b
(4.8) : Ki f_zn oo

i
In practice the value for Kz.is determined by stability considerations’
(see section 5) or by the requirement that the average rate of
converpence is as large as possible (section 6). Because of the usually
large values of b, (4.8) is satisfied in most cases. If we use large
values for Kz.the operator EKT(Ai’L) still eliminates the eigenfunction
€., but the theorem doesn't ifidicate if that operator is the "best"

i
operator to eliminate the eigenfunction e
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5. Stable elimination operators with respeect to th

wrval [a. Lbl

The danger of applying elimination operators

degree is that they have large spectral-norms (o(E
fies the effect of the minimizing operator CK(a,b,

by requiring that the elimination operators are st

o(EK;(Ai,L)) < 1.

A. >0
-1

The stability condition is simply

e
a. > 0,
i

From (L.L4) we obtain for A; <<d

1 "y Ay
> 5 T arccos (1 -23—)

ko

(5.1) K.

i
The smallest admissable value for K; is given by

(5.2) K; = entier (%-n\/ %;) + 1,

(4.8) is satisfied for large values of b, if

(5.3) a :_hAT.

A. <0
-1

The stability condition is

A =0.
ex

From (h.T') we find the relation

2. cos2 -JL-
1 ko
2Ki

(5.4)

o
n

2 s
2 c08 = = C0S —— = 1
e e

ui,L)) of small
L))). This nulli-
: can avoid this

i.e.




1h

A second stability condition is
b > o(L).

In general we cannot choose b = o(L) without violating (5.4). For larg:
velues of 0(L) this condition reduces to

ko

(5.5) K.

1

30(L)

=i,
i.

1
27 “V

(Compare the derivation of (4.5")).

'Evidently inequality (4.8) cannot be satisfied.

6. Optimal elimination operators

In this section we define the average rate of convergence with

respect to the interval Ea.,b], i.e.

1n( Max CK(a,b,Ai))
giAifp

K e
This expression has the lower bound

lnl]CK(a,b,A)il

(6.1) r(OS = - = R

where H H means the maximum-norm over the interval [a.,b].

After application of the elimination operators EK*(Ai,L), we have the
lower bound . '

- "1nl||P_ (a,b,A)]] + 1 (1)
(6.2) r(K,,)hana ||+ 1n||E; II.

S
K+ K

This expression is also a lower bound for the average rate of conver-
gence as defined in section 1, thus we want (6.2) to be as large &s

possible.
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We suppose that the eigenfunctions €5 ©py ceey € , Bre success-

ly eliminated by the operators EKT{AT,L), EK;<A2,L), ...,-EKI;1(Ai;1,L).
average rate of convergence with respect to the interval Ea,b] is

nded below by

nffc || + lnIIEKTJl el + ln||EK:;1||

3) r(s =
K+ S,
1-1

re S;- is defined by KT+ cee + K: for i =1, 2, eev &
optimal value for the degree of the next elimination operator
1 9

° 3 © . o * , o
apparently the value which maximizes the expression r(Si). In this

(Ai,L), with the only knowledge of the preceding KT, coes K:_
the average rate of convergence with respect to fa_a.,b] remains as good
possible during the elimination process.

orem III. The values of K';, i=1,2, oo, which maximize the

expressions r(S;-) are defined by the inequalities.

. [ [Eg=(0 ;M) [ 3
r(S.+1) < 1n L W) < r(s.).
i e O T~ ¥ %

of. Suppose -I?: is the value of K'; we are looking for, then an
rease of T(.: by one yields a smaller value for r(S;-), thus
e >
L) (8] + 1) < xr(s)). \
X * _ P = . _P+op A
. = - R =
us write r(Sl) 3 and r(sl 1) o g’ where
‘IEK;”
p-—lnlE* I,,\q'=‘|.
K.+1
i
m (6.4) we obtain
E,R
0 q°’

ch proves the right member of the inequalities of the theorem.

the same way the other inequality can be proved.
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We investigate the values of Kz-defined by the theorem for large
s of K. In the same way as we derived (4.1) we find for r(S;) the

ssion

e . . .
S; arccosh y, *ln 2+ 1n||EKZJ[+...+1n|]EK;1[

(s7) = h
r i = arccos yo L

£y
K+ 8.
i
>> Sz-only the first term remains i.e.

r(Si) = arccosh Yo

’ e
the foregoing theorem we obtain for Ki the relation

., Tarccosh Yo
HEK;"+1(>‘5_’)‘)I'I =e IIEK?()‘i’}‘“ .

call that iIEK#II is given by

1 .
*_ b cos L + A,
i
_q bra; .1, - 2K
[Egel ] = Tm (—2) = T (%% )
i 1 b--ai 1 i

luation of the eigenvalues of L

‘n this section we give some methods to find the dominating eigen-

» of L during the iteration process.

‘n actual computation the iterates u, are known. They are related
t errors vy by the relation

W =Su+v, =u+ Pk(L)vo.
g the difference W, = W We can eliminate the unknown function u:

Yoy = W = (P (L) - Py (L))vy.

=K >> 1 and X < g we have
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T, (y,(2))  cosh (K ln(y,+ y? - 1))

T yo) (2.
K0 cosh (K ln(y0+ yg ~‘1))

2) PK(A) = CK(a,b,A)

y1 + Vy? -1 K
( )
‘/ 2
: N .
re y-l()\)-}’o-gb_a‘ v .
:ompare CK(a,b,A ) with CK(a,b,Ae). From (7.2) we obtain

y1(k ) + b’y1(A ) -1
Yy, (A ) + \/y (A;) =1

\1 < Az the term between brackets is > 1, therefore, by choosing

arge enough, CK(a,b,A1) is strongly dominating. In that case we

) C (a b, )

3) Clasbyhy) =

> for k in the neighbourhood of K

u -u_= (P

k+1 - Uk = B(A)de,

er1 (M)

re A is the dominating eigenvalue with eigenfunction e.

ning the quotient

) . - [Ty, = w ]
T H)
k+1 1luk-uk_1H
re || ll denotes an arbitrary norm, we obtain the following funda-
tal formula
5) 0 . = IPk+1(A) " Pk(*)i
k+1 ]Pk(k) - Pk_1ﬁk)|

the first order Richardson process we have

Py (A = (1 =0 )P () = (1 =) - w AP ().
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tituting this into (7.5) yields the estimate

) N
“ke1 Y

he second order Richardson process we have for every k

(a;0,1). Substituting (7.2) into (7.5) results in the

_v, 0+ B -

s > .
y.o* y0-1

ing this for A gives the estimate

o 2 ‘/ 2
. 1+ a, (v, +\/y2 - 1)2
~ 1 k+1'70 0
) A= 5 (‘bma)(yo - —

: the formuls

tain in terms of a and b

Iai:? ('(sz + b/;)2qi+1»+ 2(v+a)q, . -

There is another independent method to estimate domina
s, which uses the relation Lu = f.

We define the quantities

BRI 1) | [T, - £]]

et T Tl = 9 TT 2 ke = ey = 1T
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Ly 1 the quantities Ly and Sy4q Con be calculated during the

‘ation process. For sufficiently large k we have two more fundamental
itions

) L. AP, (M) o AR (A) | . ‘
k+1 IPk_H(A)-Pk()\)[ > Tk+1 |Pk+1(A)-Pk(Aﬂ’

‘e A is again the dominating eigenvalue.

For the first order Richardson process we obtain from the first
tion of (T7.9) '

0) yE Lo r
K

k+1

second relation of (7.9) results in an identity.

In the second order case we obtain the formulae

Yot Wo - 1= 0+ a0 +V/¥B00 -y
y )+ UB00 -1 = (- s, 00y, + VY2 -

_ | 2 u oy
‘e substitute y1(k) =¥y - T A, we find the estimates.

b-a
. b -a
b +a - -2rk+1
: 2
Yo *V g -1
A =2r
k+1
b - a
+ br
Yot VVs - 1 K+
70 0
2
B (o - a)\/y -1 - 2s
A =28 2 an

k+1 > *
(b - a) yO—T + yo)-hsk+1

erms of a and b we have finally
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Lr R
k+1 2
. (\/;- \/‘?} + hrkﬂ

1a) A=

10) A ELs , '\/E— "kt
k1 AR VR - "y .

We remark that the estimates (7.6), (7.7), (7.10) and (7.11)

for positive as well as for negative eigenvalues A.

pper and lower bounds for the eigenvalues of L

The second order Richardson method may be used to compute upper
lower bounds for the first eigenvalue of L.

Suppose i} is an estimate for the eigenvalue A1 of L and v is a
tion in which the eigenfunction e, corresponding to A1 is strongly
nating. Such a situation can be obtained by the method deséribed
ne preceding sections. We try to eliminate the eigenfucntion e

1,
v by applying to v the operator CK*(aT;b,L), with
1

23\'1 + b(cos = - 1)

2K
N
) &, = - L s b =o(L).
cos — + 1
2K

1

! the second order process, the first zero of the polynomial
) = Ck(dT,b,A) is given by

=1 o R > J_
Ao(k) =3 (b + a1) 5 (b - a1)cos >

: substituting (8.1) yields
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— T i ™
)\1(1 + qos -2—1-{) + b(cos — - cos ‘é-};)

. '&‘K1 :
) A (k) = ‘ .
0 1 + cos —ﬂf
o

2K

snsider the difference AA = A (k ) = A (k ) i.e. the distance

:en the first zeros of the polynomlal C (a ,b,\) after k and k2

itions. From (8.2) we obtain

1 1 - 1 1 1
_snly rle v ] - sinlp e - )]
) ax = 2(b - A,) .
1 1 + cos L
P
2K, .

the zero A, "passes" the eigenvalue A, an estimate of the dominating
walue, such as given in section T, will show a maximum, for at that

1t Az is dominating. Suppose that this maximum is assumed between
<1th and k th (k1 + 2) iteration, then we have

) : )\o(k1 +2) < A1

< >\0(1{1 )’
2 A (k + 2) ‘and A (k ) follow from (8.2).
(8 3) we can derlve an estimate for AA = A (k ) = A (k * 2) 1f

> 1. We obtain
‘ 1 =y 2., -3
) B =g (b = A1) m (k1) .

is areasonable estimate we have KT =k hence

1 -"

) B KRR R A

:fore if we desire a certain accuracy A)A, we must choose

b -2 21/3

*:_1- 1
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Ao(k1 +2) A Ao(k1-)
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fig. 4

res to determine also higher eigenvalues, one has to
h great accuracy to accomplish a reasonable exact

he first eigenfunction.




23

Appendix

In the preceding sections we have assumed that the matrix L was

symmetric. Then the operator PK(L) was also symmetric, hence’

o(Pp(L)) = [[P(T)]],
where || || denotes the imner-product norm of the matrix P (L),
The Euclidean norm of the error vk satisfies the inequality
vl | < 1B ] Tl | = o(r(e)) |ivgl]-

Therefore it was important to construct polynomials PK(L) with small
spectral norms (compare section 1). .

In our method we used two properties of L, namely that L had real
eigenvalues and a complete‘set of eigenfunctions. Hence.our method is
applicable not only to symmetric matrices L, but also to non-symmetrie
matrices with the two properties mentioned above. .

Let us now consider matrices L, which have positive eigenvalues
(and possibly one or two negative eigenvalues), and which have not
necessarily a complete set of eigenfunctions. We may again construct ,
an operator PK(L) with a small spectral norm, however this doesn't
guarantee that the inner-product norm (or another norm) is small.-

Let us apply the operator PK(L) n times to vy to get

- n
ok = Pg(L)vgs

so that

vl < HER@I ] Tlvgl-

It is well-known that |]P§(L)|| converges to zero for n + = if and only
it o(PK(L)) < 1. Hence by repeating the operator PK(L) we may solve
matrix equations Lu = f, where L is only required to have positive and
some negative eigenvalues. (We remark that in this case it is not
always possible to estimate the dominating eigenvalues during the first

phase of our method.)
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